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Introduction
Let I be a homogeneous ideal of a polynomial ring R = K [x1, . . . , xr] over a ﬁeld K . More
than ten years ago Cutkosky, Herzog and Trung [6] and Kodiyalam [11] independently proved that
the Castelnuovo–Mumford regularity reg(In) is a linear function of n when n  0. The reason for this
phenomenon comes from the fact that the Rees algebra R[It] =⊕n0 Intn is a Noetherian bigraded
algebra. This raises the problem to study the asymptotic behaviour of the Castelnuovo–Mumford reg-
ularity of some other ﬁltrations of ideals. Although in most cases, the underlying bigraded “Rees
algebra” need not to be Noetherian and hence the method of [6] and [11] could not be applied di-
rectly, there were given in [7] some particular cases, where the Castelnuovo–Mumford regularity is
still bounded by a linear function.
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208 L.T. Hoa, M. Morales / Journal of Algebra 356 (2012) 207–215The ﬁrst aim of this paper is to study the Castelnuovo–Mumford regularity of the lex-segment
ideals lex(In) of powers In of I . Lex-segment ideals play an important role in many problems in
Commutative Algebra, see e.g. [12, Chapter 2]. Although it is well known that reg(I) is always less
than or equal to reg(lex(I)) and the difference between them could be huge (see [10, Proposition 12]),
one may hope that reg(lex(In)) is still well behaved when n  0. One of our main result shows that
in contrast to the ordinary powers, reg(lex(In)) is asymptotically a polynomial of huge degree (see
Theorem 3). The fact that reg(lex(In)) is a huge function could be expected, but the polynomial nature
of this function is somewhat a surprise. However the sequence {lex(In)}n1 does not form a ﬁltration
of ideals.
On the other hand, for an arbitrary ﬁltration of ideals it was eventually shown in [7, Proposi-
tion 3.6] that a partial Castelnuovo–Mumford regularity, namely the so-called a-invariant of R/In ,
is always bounded by a linear function. It is natural to ask whether there is a general approach to
bound the Castelnuovo–Mumford regularity of a ﬁltration of ideals. We will show that this is impossi-
ble. Moreover, in such a general setting, there is no bounding function for the Castelnuovo–Mumford
regularity (see Proposition 8).
Our second aim is to study the Frobenius powers I [n] (p = char K and n = pk), which also ap-
pear very often in Commutative Algebra. We will show that in this case the Castelnuovo–Mumford
regularity is still well behaved: except for a few initial values, this is a linear function of n (see
Theorem 5). Like the case of ordinary powers, when lex-segment ideals of Frobenius powers are con-
sidered, the Castelnuovo–Mumford regularity is also a function of polynomial type of huge degree
(see Theorem 7).
Our approach is based on a closed formula for computing the Castelnuovo–Mumford regularity of
lex-segment ideals given by Chardin and Moreno-Socias in [4]. Another important result used here
is the polynomial nature of Hilbert coeﬃcients recently given by Herzog, Puthenpurakal and Verma
for ordinary powers in [8]. It turns out that this property also holds for the Frobenius powers (see
Theorem 6).
The paper will be divided in three sections. In Section 1 we study lex-segment ideals of powers of
ideals. Section 2 is devoted to the Frobenius powers. In Section 3 we construct a class of ﬁltrations of
ideals for which there is no bounding function on the Castelnuovo–Mumford regularity.
1. Lex-segment ideals of powers of ideals
Let us recall some notions. Let R = K [x1, . . . , xr] be a standard graded algebra over a ﬁeld K and
m= (x1, . . . , xr). Let M be a ﬁnitely graded R-module. For every integer i  0 we set
ai(M) := max
{
t
∣∣ Him(M)t = 0},
with ai(M) = −∞ if Him(M) = 0, where Him(M) denotes the i-th local cohomology module of M with
respect to m. The Castelnuovo–Mumford regularity of M is deﬁned by
reg(M) =max{ai(M) + i ∣∣ i  0}.
It is clear that reg(I) = reg(R/I) + 1. The number ai(M) can be considered as a partial Castelnuovo–
Mumford regularity of M . The number ad(M) (d = dimM) is well known under the name a-invariant
of M .
The lex-segment ideal lex(I) associated to (the Hilbert function of) I is the ideal generated by all
the ﬁrst HI (m) monomials of degree m with respect to the lexicographic order, when m runs through
all positive integers. This ideal has the same Hilbert function as I .
It is well known that reg(I) reg(lex(I)). Inspired of results in [6] and [11] about the asymptotic
linear property of reg(In), it is natural to ask if reg(lex(In)) can be also bounded by a linear function
of n. It is clear that reg(lex(In)) = reg(In) in the case d := dim R/I = 0. Hence we always assume that
d 1. First we observe
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nomials of degrees at most . Then for all n 1
reg
(
lex
(
In
))
< (2n)cd2
d−1
.
Proof. Since In and lex(In) have the same Hilbert function and In is generated by homogeneous
polynomials of degrees at most n, this immediately follows by [9, Theorem 6.4]. 
In order to study reg(lex(In)) more closely we need to use a formula given by Chardin and
Moreno-Socias in [4]. Recall that if we write the Hilbert polynomial of R/I as
P R/I (t) = e0
(
t + d − 1
d − 1
)
− e1
(
t + d − 2
d − 2
)
+ · · · + (−1)d−1ed−1, (1)
then e0, . . . , ed−1 are called the Hilbert coeﬃcients of R/I . Let d  1. We recursively deﬁne B0 = e0
and for all 1 i  d − 1,
Bi = (−1)iei +
(
Bi−1 + 1
2
)
−
(
Bi−2 + 1
3
)
+ · · · + (−1)i+1
(
B0 + 1
i + 1
)
. (2)
Note that B0  B1  · · ·  Bd−1 can be deﬁned by using the so-called Gotzmann’s representation of
P R/I (t) and the above recursive formula is given in [1, Proposition 3.9] (see also [10, Lemma 10]).
In order to emphasize the dependence of ei , Bi on I we will write ei(I), Bi(I). Another important
invariant is the so-called regularity index of the Hilbert function deﬁned by the formula:
ri(I) := max{m ∣∣ HR/I (m) = P R/I (m)}.
Note that this invariant was studied in [13], and that the Grothendieck–Serre formula
HR/I (t) − P R/I (t) =
d∑
i=0
(−1)i(Him(R/I)t) (3)
yields ri(I) reg(I).
With the above notation one can formulate [4, Theorem 2.5(i)] as follows:
Lemma 2. Let I ⊂ R be a homogeneous ideal of dimension d 1. Then
reg
(
lex(I)
)= max{Bd−1(I), ri(I) + 1}.
Recall that a numerical function h(t) is said to be of polynomial type if there exists a polynomial
p(t) such that h(n) = p(n) for all n  0. Now we can prove the main result of this paper which says
that reg(lex(In)) is always of polynomial type of huge degree.
Theorem 3. Let I ⊂ R be a homogeneous ideal of dimension d  1 and codimension c. Then reg(lex(In)) is a
function of polynomial type. Moreover, if c  2 then this polynomial has degree c2d−1 and a rational leading
coeﬃcient which is equal to
1
22d−1−1
(
lim
n→∞
e0(In)
nc
)2d−1
.
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[8, Theorem 1.1], all Hilbert coeﬃcients ei(In) are functions of polynomial type. Using the recursive
formula (2), it is immediate to see that all Bi(In) are functions of polynomial type. In particular,
Bd−1(In) is of polynomial type. Hence, by Lemma 2, reg(lex(In)) is a function of polynomial type.
Now let c  2. By [8, Proposition 2.1], there exists
lim
n→∞
e0(In)
nc
= α ∈Q+ \ {0}. (4)
Since c  2 and Bd−1(In) B0(In) = e0(In) is of polynomial type of degree at least 2, we must have
Bd−1(In) > ri(In) for all n  0. Hence, by Lemma 2,
reg
(
lex
(
In
))= Bd−1(In) for all n  0. (5)
In order to calculate the degree and the leading coeﬃcient of the corresponding polynomial of this
function it suﬃces to show that
lim
n→∞
Bi(n)
nc2i
= α
2i
22i−1
, (6)
for all 0 i  d − 1.
We do by induction on i. Since B0(I) = e0(I), the case i = 0 is just (4). Assume that (6) holds
for 0  i < d − 1. We show that it also holds for i + 1. By [8, Theorem 1.1], ei+1(In) is a function
of polynomial type of degree at most c + i + 1. Therefore one can ﬁnd a larger number β such that
|ei+1(In)| < βnc+i+1. Since c2i+1 > c + i + 1 for all c  2 and i  0, this implies
0 lim
n→∞
|ei+1(In)|
nc2i+1
 β lim
n→∞
nc+i+1
nc2i+1
= 0.
By induction hypothesis, for all 0 j  i − 1 we have
0 lim
n→∞
(B j(In)+1
i+2− j
)
nc2i+1
 lim
n→∞
(B j(In))i+2− j
nc2i+1
= lim
n→∞
(
(B j(In))
nc2 j
)i+2− j
lim
n→∞
n(i+2− j)c2 j
nc2i+1
= 0,
where the last equality follows from the fact that 2a > a+1 for all a 2. Putting the above calculation
into (2), we then get
lim
n→∞
Bi+1(In)
nc2i+1
= lim
n→∞
(Bi(In)+1
2
)
nc2i+1
= 1
2
(
Bi(In)
nc2i
)2
= 1
2
(
α2
i
22i−1
)2
= α
2i+1
22i+1−1
.
The induction is completed and hence also the proof of the theorem. 
Example 1. We have reg(lex((xn1))) = reg((xn1)) = n. This shows that the statement about the degree in
Theorem 3 does not hold in the case c = 1.
Example 2. Let I = (x1, . . . , xc) ⊂ R := K [x1, . . . , xc+d], where c  2, d  1. Then e0(R/In) =
(c+n−1
c
)
.
Hence, for c  2, we have
lim
n→∞
reg(lex(In))
c2d−1
= 1
2d−1−1 2d−1 .n 2 (c!)
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HR/In (t) =
n−1∑
i=0
(
c + i − 1
c − 1
)(
d + t − i − 1
d − 1
)
,
for all t  n. This implies ri(In) = n − 1. In particular, if d = 1 from Lemma 2 we can conclude that
reg(lex(In)) = (n+c−1c ) for all n.
2. Frobenius powers of ideals
The purpose of this section is to consider Frobenius powers of ideals in positive characteristic.
Let char(K ) = p be a prime number and n = pk . Recall that the n-th Frobenius power of an ideal
I ⊆ R = K [x1, . . . , xr] is deﬁned by
I [n] = (un ∣∣ u ∈ I).
Note that the deﬁnition of I [n] does not depend on a choice of a generating set of I . From the Peskine–
Szpiro Theorem on the exactness of the Frobenius functor we get
Lemma 4. Let n = pk and
0→
⊕
j
R(−bqj) → ·· · →
⊕
j
R(−b1 j) →
⊕
j
R(−b0 j) → I → 0
be the minimal free resolution of I . Then
0→
⊕
j
R(−nbqj) → ·· · →
⊕
j
R(−nb1 j) →
⊕
j
R(−nb0 j) → I [n] → 0
is the minimal free resolution of I [n] .
By the main result of [6] and [11], reg(In) is a linear function of n, when n  0. However, it
is unclear, for which n0 then reg(In) is a linear function for all n  n0. In contrast to the ordinary
powers, the following result says that the Castelnuovo–Mumford regularity of Frobenius powers is
well behaved.
Theorem 5. For all n = pk we have
n reg(I) reg
(
I [n]
)
 n reg(I) + (r − 1)(n − 1).
Moreover, with the notation in Lemma 4, let bi(I) be the maximum generating degree of the i-th syzygymodule
of I , i.e. bi(I) =max j{bij}, and σ the smallest index such that bσ (I) = max{bi(I) | i  q}. Then
reg
(
I [n]
)= bσ (I)n − σ
for all n r − 2.
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reg
(
I [n]
)= max{nbi − i | 0 i  q}max{n(bi − i) ∣∣ 0 i  q}= n reg(I),
and since q r − 1,
reg
(
I [n]
)=max{n(bi − i) + (n − 1)i ∣∣ 0 i  q} n reg(I) + (r − 1)(n − 1).
Let i = σ . If bσ = bi , then i > σ and so bσn − σ > bin − i.
If bi < bσ , then bσn − σ − bin + i = n(bσ − bi) + i − σ > 0, provided i  σ . If i < σ , then σ  1,
and since i  q  r − 1, we have bσn − σ − bin + i = n(bσ − bi) + i − σ  n − (r − 2)  0, provided
n r − 2.
Thus, we always have bσn − σ  bin − i for all i  0 and n r − 2. Hence reg(I [n]) = bσn − σ for
all n r − 2. 
The following example shows that r − 2 in the above proposition is the optimal value. The com-
putation was done by using CoCoA [5]. It can be also read off from [3].
Example 3. Let I = (x3, x2 y, x2z, x2u, x2v, x2w, xy4, y6) ⊂ R := K [x, y, z,u, v,w]. This is a so-called
stable ideal. The ideal has the following minimal free resolution
0→ R(−8) → R6(−7) → R15(−6) → R20(−5) → R15(−4) ⊕ R(−6) ⊕ R(−7)
→ R6(−3) ⊕ R(−5) ⊕ R(−6) → I → 0.
It gives the following minimal free resolution of I [n]:
0 → R(−8n) → R6(−7n) → R15(−6n) → R20(−5n) → R15(−4n) ⊕ R(−6n) ⊕ R(−7n)
→ R6(−3n) ⊕ R(−5n) ⊕ R(−6n) → I [n] → 0.
If p = 2, we have the following table of values of reg(I [n]):
n 1 2  4
reg(I [n]) 6 13 8n − 5
Thus, in this example, reg(I [n]) agrees with a linear function only starting from n = 4.
In order to study the Castelnuovo–Mumford regularity of lex-segment ideals of Frobenius powers
we also need the following result which similar to [8, Theorem 1.1 and Proposition 2.1].
Theorem 6. Let I be an ideal of codimension c and dimension d. Let n = pk. Then the Hilbert coeﬃcient ei(I [n])
is a function of n of polynomial type of degree at most c + i, for all i = 0, . . . ,d− 1. Moreover limn→∞ e0(I [n])nc
exists and is a positive rational number.
Proof. Since the Hilbert polynomial is additive on exact sequences, from Lemma 4 we see that the
Hilbert polynomial P R/I [n](t) is a sum of a ﬁxed number of terms of the type ±
(t+nbij+r−1
r−1
)
. In this
algebraic sum coeﬃcients of tδ cancel for δ > d−1. For δ  d−1, the coeﬃcient aδ(n) of tδ in P R/I [n](t)
is an algebraic sum of coeﬃcients of tδ in all terms of type ±(t+nbij+r−1r−1
)
. Clearly such a coeﬃcient is
a sum of products of r−1− δ numbers of the type nbij + r−, 1  r−2. This implies that aδ(n) is
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particular e0(I [n]) = (d−1)!ad−1(n) is a function of polynomial type of degree at most c and of rational
coeﬃcients. Comparing the coeﬃcients of the standard expression of P R/I [n](t) =
∑d−1
δ=0 aδ(n)tδ with
the one in (1), we get
(−1)i+1ei+1
(
I [n]
)= ad−i−2(n) −
i∑
j=0
(−1) jc je j
(
I [n]
)
,
where c j is the coeﬃcient of td−i−2 in
(t+d− j−1
d− j−1
)
. Since ad−i−2(n) is of polynomial type of degree at
most r−1− (d− i−2) = c+ i+1, by induction one get that ei+1(I [n]) is of polynomial type of degree
at most c + i + 1 and of rational coeﬃcients.
Further, by [8, Proposition 2.1], e0(In) is of polynomial type of degree c. Since dim R/I [n] =
dim R/I = dim R/In and HR/In (t) HR/I [n](t), we must have e0(I [n]) e0(In). This implies that e0(I [n])
is also of polynomial type of degree exactly c. As mentioned above, the corresponding polynomial of
e0(I [n]) has rational coeﬃcients. Hence limn→∞ e0(I
[n])
nc exists and is a positive rational number. 
Using the above theorem and the same of arguments as in the proof of Theorem 3 we deduce
that the Castelnuovo–Mumford regularity of lex-segment ideals of Frobenius powers are also badly
behaved.
Theorem 7. Let char K = p and n = pk. Then for any homogeneous ideal I of dimension d  1 and codimen-
sion c  2, reg(lex(I [n])) is a function of n of polynomial type of degree c2d−1 and the leading coeﬃcient of
this polynomial is equal to
1
22d−1−1
(
lim
n→∞
e0(I [n])
nc
)2d−1
.
We would like to mention that it is of interest to study the ideals I(n) := ( f n1 , . . . , f ns ), where
f1, . . . , f s are some given homogeneous polynomials. Of course, I(n) depends on the choice of a
generating system. Let us consider the case char(K ) = p. By Theorem 5, reg(I(n)) is a linear function
if n = pe  r − 2. Easy examples show that this does not hold for all n r − 2. But it is unclear if this
will hold for n  0.
Note that if I is a monomial ideal generated by monomials m1, . . . ,ms , then all results in this
section can be formulated for I(n). The main reason is that in this case Lemma 4 holds for I(n). This
was mentioned in [12, Exercise 1.7].
3. Castelnuovo–Mumford regularity of ﬁltrations of ideals
Consider again Example 2 in the case d = 1, that is, let I = (x1, . . . , xc) ⊂ R := K [x1, . . . , xc+1],
c  2. The Grothendieck–Serre formula (3) implies that
reg
(
R/ lex
(
In
))= max{a1(R/ lex(In))+ 1, ri(lex(In))}=max{a0(R/ lex(In)), ri(lex(In))}.
Since ri(lex(In)) = ri(In) = n − 1< (n+c−1c )= reg(R/ lex(In)), we get
a0
(
R/ lex
(
In
))= reg(lex(In))− 1=
(
c + n − 1
c
)
− 1,
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(
R/ lex
(
In
))= reg(lex(In))− 2=
(
c + n − 1
c
)
− 2.
In particular, a1(R/ lex(In)) cannot be bounded by a linear function.
Note that in this example, even in the case c = 2, the sequence R ⊃ lex(I) ⊃ lex(I2) ⊃ · · · is not a
ﬁltration of ideals, because (lex(I))2  lex(I2).
On the other hand, if R ⊃ I1 ⊃ I2 ⊃ · · · is a ﬁltration of ideals of dimension d, that is, Ii I j ⊆ Ii+ j
for all i, j  0, then a similar proof of [7, Proposition 3.6] shows that ad(R/In) is bounded by a linear
function of n. In particular, in the 0-dimensional case, reg(In) is bounded by a linear function of n.
One may ask if this still holds for higher dimensions. Unfortunately this is not true even in the case
d = 1, as shown by the following result.
Proposition 8. Let I ⊆ (x1, . . . , xr−1) ⊂ I0 := R = K [x1, . . . , xr] be any homogeneous ideal. Let a1 
a2  a3  · · · be an arbitrary positive integers. We recursively deﬁne the ideal In, n  1, as follows: let
I1 = (I, x1xa1r ), and for n 2,
In =
( ∑
i+ j=n; i, j1
Ii I j, x1x
an
r
)
.
Then the sequence {In}n0 is a ﬁltration of ideals and reg(In)  an + 1 for n  2. In particular, there is no
bounding function for the Castelnuovo–Mumford regularity which only depends on a ﬁnitely many members
of the ﬁltration.
Proof. By the construction Ii I j ⊆ Ii+ j for all i, j  0. We show by induction that In ⊇ In+1. This is
trivial for n = 0. Let n > 0. Then, by the induction hypothesis,
∑
i+ j=n+1; i, j1
Ii I j ⊆
∑
i+ j=n+1; i, j1
Ii−1 I j ⊆ In.
Since an+1  an , we also have x1xan+1r ∈ In . Hence In+1 ⊆ In . Thus {In}n0 is a ﬁltration of ideals.
Let n 2. It is clear that Ii ⊆ (x1, . . . , xr−1) for all i  1. Hence
∑
i+ j=n; i, j1
Ii I j ⊆ (x1, . . . , xr−1)2.
Since x1x
an
r /∈ (x1, . . . , xr−1)2, x1xanr /∈
∑
i+ j=n; i, j1 Ii I j . This implies that x1x
an
r is a minimal generating
polynomial of In . Since reg(In) is bounded below by the maximal generating degree of In , we get
reg(In) an + 1. 
Remark.
(i) If {In}n0 is a good ﬁltration, i.e. the Rees algebra ⊕n0 Intn is ﬁnitely generated, then from
[6] or [11] we see that reg(In) is a linear function of n for n  0. Moreover, by [14], for any
homogeneous ideal J of R , reg( J + In) is still a linear function of n for all n  0. Note that
{ J + In}n0 is no more a good ﬁltration, but one can say that it is obtained from a good ﬁltration
by a small perturbation.
L.T. Hoa, M. Morales / Journal of Algebra 356 (2012) 207–215 215(ii) Let {In}n0 and { Jn}n0 be two ﬁltrations of R . Assume that reg( Jn) is bounded by a linear
function of n. If Jn ⊆ In and (In/ Jn) < ∞ for all n, then the exact sequence
0→ In/ Jn → R/ Jn → R/In → 0,
implies that reg(R/In) reg(R/ Jn). Hence reg(In) is bounded by a linear function of n, too. Again
a small perturbation does not change reg(In) very much.
On the other hand, the conditions In ⊆ Jn and ( Jn/In) < ∞ for all n do not guarantee the ex-
istence of a linear bound for reg(In). In fact, the ﬁltration {In}n0 in the above proposition with
I = (x1, . . . , xr−1) (r  3) and the ﬁltration { Jn = (x1, (x2, . . . , xr−1)n)}, satisfy these conditions, but
reg(In) is not linearly bounded if the sequence {an} quickly increases. This means the perturbation
way can impose a big change on reg(In).
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